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Abstract: 
one-pentagonal carbon nanocone consists of one pentagone as its core 
surrounded by layers of hexagons .if there are n layers ,then the graph of 
this molecules is denoted by Gn .In This paper our aim is to calculate the 
hyper-Wiener index of Gn explicitly . 
 
 
1. Introduction and Preliminary results  
Let ܩ be a simple connected graph.The vertex set and edge set of ܩ are denoted by ܸሺܩሻ and 
ܧሺܩሻrespectively. The distance between two vertices ݑ and ݒ in ܸሺܩሻ is denoted by ݀ீሺݑ, ݒሻ and 
is equal to the length of the shortest path from ݑ to  ݒ . 
The Wiener index of ܩ is denoted by ܹሺܩሻ and is defined by ܹሺܩሻ ൌ ∑ ݀ீሼ௨,௩ሽك௏ሺீሻ ሺݑ, ݒሻ.The 
name Wiener index is usual for chemical graphs, that is the graph of a chemical molecule, because 
Harold Wiener was the first person who considered this invariant for a Chemical graph [1].wiener 
used this index only for acyclic molecules in a slightly different way. But the definition of the 
Wiener index in terms of distances between vertices of a graph for the first time was given by 
Hosoya in [2].The Wiener  index of graphs is extensively studied in [3], [4] and [5].In [6] new 
method are invented to calculate the Wiener  index of a graph. a generalization of the concept of 
the Wiener index in recent chemical studies is the hyper-Wiener index. 
 
    *Corresponding author (e-mail: daraf@khayam.ut.ac.ir) 
       Mathematics Subject classification: Primary 05C12, 05C05, Secondary 05C90 
     Key words: Topological Index, hyper –Wiener Index, nanocone  
 
  
Which was put forward in [7] and since then many research papers are written about this 
index.For example we can refer the reader to [8], [9] and [10]. We will define the hyper-
wiener index of a graph ܩ as follow  
Definition1. Let ܩ be a simple connected graph with vertex set ܸሺܩሻ. For a real number 
λ define 
ఒܹሺܩሻ ൌ ෍ ݀ீሺݑ, ݒሻఒ
ሼ௨,௩ሽك௏ሺீሻ
 
Then ଵܹሺܩሻ is the Wiener index of ܩ, and the hyper-Wiener index of ܩ which is denoted 
by ܹܹሺܩሻ is defined by  
ܹܹሺܩሻ ൌ
1
2
෍ ൫ሺ݀ீሺݑ, ݒሻଶ ൅ ݀ீሺݑ, ݒሻ൯ ൌ
1
2
ሼ௨,௩ሽك௏ሺீሻ
൫ ଶܹሺܩሻ ൅ ଵܹሺܩሻ൯ 
Some more concepts are needed for our further work which are defined below. 
Definition2. Let ܩ be a simple connected graph with vertex setܸሺܩሻ. For ܨ, ܭ ك ܸሺܩሻ the 
following quantity is defined: 
ܦீ
ఒሺܨ, ܭሻ ൌ ෍ ෍ ݀ீሺݑ, ݒሻఒ
௩א௄௨אி
 
 Where λ is a real number .If   ܭ ൌ ܸሺܩሻ , then we set  ܦீఒ൫ܨ, ܸሺܩሻ൯ ൌ ܦఒሺܨ, ܩሻ 
Definition 3.Let ܩ be a simple connected graph. The subgraph ܪ of  ܩ is called isometric and is 
written ܪ ا ܩ if ݀ீሺݑ, ݒሻ ൌ ݀ுሺݑ, ݒሻ for all ݑ, ݒ א ܸሺܪሻ. 
Definition4.Let ܩ be a simple connected graph, the subgraph ܪ of ܩ is called convex if 
it contains all the shortest paths in ܩ between each pair of its vertices.  
Referring to the above concepts if ܪ ا ܩ, then it is evident that ܦுఒ൫ܸሺܪሻ, ܸሺܪሻ൯ ൌ 2 ఒܹሺܪሻ    and 
if ሼ ௞ܸሽ௞ୀଵ௡  is a partition of  ܸሺܩሻ, then 
ఒܹሺܩሻ ൌ
1
2
෍ ෍ ܦீ
ఒ
௡
௝ୀଵ
௡
௜ୀଵ
൫ ௜ܸ , ௝ܸ൯ 
      To state the next result we need some explanation. Let ܩ be a simple connected graph 
.If݁ א ܧሺܩሻ, then ܩ െ ݁ stands for the graph remaining from ܩ by deleting ݁ not its ends. 
Similarly if ܨ ك ܧሺܩሻ ,then ܩ െ ܨ is defined to be the graph remaining from ܩ by 
deleting all the edges in ܨ not the end vertices . 
Theorem1. Let ܩ be a simple connected graph, if ሼܨ௜ሽ௜ୀଵ௡  is a partition of ܧሺܩሻ such that 
each of ሺܩ െ ܨ௜ሻ is a graph with two convex connected components ܩଵ௜  andܩଶ௜ , then  
ఒܹାଵሺܩሻ ൌ ݊ ఒܹሺܩሻ െ ෍ ቀ ఒܹ൫ܩଵ
௜ ൯ ൅ ఒܹ൫ܩଶ
௜ ൯ቁ
௡
௜ୀଵ
 
Where λ is a real number. 
Proof. See [11]. 
Theorem 1. Let ܩ be a simple connected graph, if ሼܨ௜ሽ௜ୀଵ௡  is a partition of ܧሺܩሻ such that 
each of ሺܩ െ ܨ௜ሻ is a graph with two convex connected components ܩଵ௜  and ܩଶ௜ , then the 
Wiener index of ܩ is: 
ܹሺܩሻ ൌ ෍หܸ൫ܩଵ
௜ ൯ห
௡
௜ୀଵ
หܸ൫ܩଶ
௜ ൯ห 
Proof. See [11] 
2. Computing with subgraphs 
As we mentioned earlier our aim is to calculate the hyper-Wiener index of the one-
pentagonal carbon nanocone .The graph of this molecule consist one pentagone 
surrounded by layers of hexagons .If there are  layers, then this graph is denoted by G୬. 
In the following the graph of G଺ is drawn: 
  
Figur1: The graph of ܩ଺  
 
      Our calculations are based on Theorems 1 and 2. For the starting point we calculate 
the Wiener index of the auxiliary graphs which are denoted by ܼ௡,௞ ,ܯ௡,௞ , ܼ௡,௞,௟ and ܣ௡ . 
First we explain the above graph and draw them in special cases of ݊, ݇ and ݈.  
ࢆ࢔,࢑ : This graph consists of ݇ rows of hexagons with exactly ݊ hexagons in each row 
with two extra edges. In the following  ܼଽ,ହ is drawn: 
 
 Figure 2: The graph of  ܼଽ,ହ 
It can be seen that the number of vertices ܼ௡,௞ is equal to หܸ൫ܼ௡,௞൯ ห ൌ ݖ௡,௞ ൌ
2ሺ݊ ൅ 1ሻሺ݇ ൅ 1ሻ. 
ࡹ࢔,࢑ :  This graph consists of ݇ rows of hexagons such that in the last row (k th row) 
there are exactly ݊ hexagons with two extra edges. In the following we draw ܯଵଵ,଺  
 
 
Figure 3: The graph of  ܯଵଵ,଺ 
The number of vertices of this graph is equal to: ݉௡,௞ ൌ ሺ݇ ൅ 1ሻሺ2݊ െ ݇ ൅ 3ሻ 
࡭࢔ : This graph consists of ݊ rows of hexagons such that in row ݊ there are exactly ݊ 
hexagnes with three extra edges. In the following we draw ܣ଻ 
 
Figure 4: The graph of  ܣ଻ 
The number of vertices of the graphs is ܽ௡ ൌ ሺ݊ ൅ 2ሻଶ . 
ࢆ࢔,࢑,࢒ : This graph consists of ݇ rows of hexagons such that in the first ݈ row with exactly 
݊ hexagones, and from ݈+1 th to ݇ th row the number of hexagones decrease by one in 
each row from its previous one. We drawܼଵଵ,଺,ଶ in the following  
 
 
Figure 5: The graph of ܼଵଵ,଺,ଶ. 
 
The number of vertices of this graph is: ݖ௡,௞,௟ ൌ 2ሺ݊ ൅ 1ሻሺ݇ ൅ 1ሻ െ ሺ݇ െ ݈ ൅ 1ሻଶ. 
Remark1. For each of the graphs(ܼ௡,௞, ܯ௡,௞, ܣ௡and ܼ௡,௞,௟),in The present figure for 
example for the graph ܼ௡,௞,௟ ,the edges lying on each line in the following figure is 
equivalent to one of  ܨ௜ in theorems 1 and 2. Moreover they constitute a partition on the 
set of edges. Also for other mentioned graph similar partition exists. 
 
 
Figure 6: Partition of Edges 
       In figure 6 we have removed the set of edges lying on one of lines in figure 7, so by 
the remark 1 we have a two component graph with each component a convex subgraph 
of ܼ௡,௞,௟. For more explanation see [11] and [12].  
 
 Figure 7: removing a set of edges from the graph  
Remark 2: In theorems 1 and 2 we can see that  ܧ൫ܩଵ௜ ൯, ܧ൫ܩଶ௜ ൯ and ܨ௜ partition ܧሺܩሻ and 
ܸ൫ܩଵ
௜ ൯and ܸ൫ܩଶ௜ ൯ partition ܸሺܩሻfor each ݅.  
 
 
Lemma 1. we have  
ܹሺܣ௡ሻ ൌ 9 ൅
261
10
݊ ൅ 29݊ଶ ൅
31
2
݊ଷ ൅ 4݊ସ ൅
2
5
݊ହ 
Proof: If in ܣ௡ we delete a collection of edges That seem to be parallel in one row 
according to remark 1, then ܣ௡ is partitioned into two subgraphs of the form ܣ௥ and ܯ௦,௧. 
Therefore there is a partition of edges of the graph satisfying Theorem 2.Hence by 
Theorem 2 we can write  
ܹሺܣ௡ሻ ൌ ෍หܸ൫ܩଵ
௜ ൯ห
௡
௜ୀଵ
หܸ൫ܩଶ
௜ ൯ห ൌ ෍൫ܽ௜ିଵ ൈ ݉௡,௡ି௜൯
௡
௜ୀ଴
  
         ൌ 9 ൅
261
10
݊ ൅ 29݊ଶ ൅
31
2
݊ଷ ൅ 4݊ସ ൅
2
5
݊ହ 
Lemma 2: we have  
ܹ൫ܼ௡,௞൯ ൌ 1 ൅
ହ଺
ଵହ
݇ ൅ ଷଶ
ଷ
݊݇ ൅ ଵଵ
ଷ
݊ ൅ 4݇ଶ ൅ ଵ
ଷ
݊݇ସ ൅ 6݊ଶ݇ଶ ൅ ଶ
ଷ
݊ଶ݇ଷ െ ଵ
ଵହ
݇ହ ൅ ସ
ଷ
݊ଷ ൅ ସ
ଷ
݊ଷ݇ଶ ൅
଼
ଷ
݊ଷ݇ ൅ ଶ଼
ଷ
݊݇ଶ ൅ ଼
ଷ
݊݇ଷ ൅ 4݊ଶ ൅ ସ
ଷ
݇ଷ ൅ ଶ଼
ଷ
݊ଶ݇  
Proof .By referring to the graph of ܼ௡,௞ we observe that the set of edges that seem to be 
parallel forms a partition of  ܧ൫ܼ௡,௞൯ and if we delete these edges we obtain a graph with 
two connected components which are convex subgraphs .Now using Theorems 2 and the 
fact that ܸሺܩሻ ൌ ܸሺܩଵ௜ ሻ ׫  ܸሺܩଶ௜ ሻ  , 1൑ ݅ ൑ ݇ , and one of the components is a graph of 
type ܣ௥ ,we can write : 
ܹ൫ܼ௡,௞൯ ൌ 2 ෍ ܽ௜ିଵ
௞
௜ୀଵ
. ൫ݖ௡,௞ െ ܽ௜ିଵ൯ ൅ ෍ ݉௞ା௜,௞
௡ି௞ିଶ
௜ୀ଴
. ൫ݖ௡,௞ െ ݉௞ା௜,௞൯ 
         ൅ ෍ ݖ௡ି௜,௞
௡
௜ୀଵ
. ൫ݖ௡,௞ െ ݖ௡ି௜,௞൯ ൅ ෍ ݖ௡,௞ି௜
௞
௜ୀଵ
. ൫ݖ௡,௞ െ ݖ௡,௞ି௜൯ 
                                     =1 ൅ ହ଺
ଵହ
݇ ൅ ଷଶ
ଷ
݊݇ ൅ ଵଵ
ଷ
݊ ൅ 4݇ଶ ൅ ଵ
ଷ
݊݇ସ ൅ 6݊ଶ݇ଶ ൅ ଶ
ଷ
݊ଶ݇ଷ െ ଵ
ଵହ
݇ହ ൅
                                             ସ
ଷ
݊ଷ ൅ ସ
ଷ
݊ଷ݇ଶ ൅ ଼
ଷ
݊ଷ݇ ൅ ଶ଼
ଷ
݊݇ଶ ൅ ଼
ଷ
݊݇ଷ ൅ 4݊ଶ ൅ ସ
ଷ
݇ଷ ൅ ଶ଼
ଷ
݊ଶ݇  
Next we compute the Wiener index of the graph ܯ௡,௞. But this is done using the same method as 
above and the calculation is as follows: 
ܹ൫ܯ௡,௞൯ ൌ 2 ෍ ܽ௜ିଵ
௞
௜ୀ଴
. ൫݉௡,௞ െ ܽ௜ିଵ൯ ൅ ෍ ݉௞ା௜,௞
௡ି௞ିଵ
௜ୀ଴
. ൫݉௡,௞ െ ݉௞ା௜,௞൯                      
൅ ෍ ݉௡ି௜,௞ି௜
௞
௜ୀଵ
. ൫݉௡,௞ െ ݉௡ି௜,௞ି௜൯ 
                     = 4 ൅ ଶ଺
ଷ
݊ ൅ ଵ଴ଽ
ଵହ
݇ ൅ ଵ
ଶ
݇ଶ ൅ 16݊݇ ൅ 4݊݇ଶ െ ଼
ଷ
݇ଷ݊ െ  ହ
ଶ
݇ଷ ൅ ଷସ
ଷ
݊ଶ݇ ൅ 6݊ଶ ൅ ଶ
ଷ
݊݇ସ ൅
଼
ଷ
݊ଷ݇ ൅ 4݊ଶ݇ଶ െ ସ
ଷ
݇ଷ݊ଶ ൅ ସ
ଷ
݊ଷ݇ଶ െ ସ
ଵହ
݇ହ ൅ ସ
ଷ
݊ଷ 
With the same method the Wiener index of the graph ܼ௡,௞,௟ is computed in general. the 
detail of the calculation is as follows: 
ܹ൫ܼ௡,௞,௟൯ ൌ ෍ ܽ௜ିଵ
௞
௜ୀ଴
. ൫ݖ௡,௞,௟ െ ܽ௜ିଵ൯ ൅ ෍ ݉௞ା௜,௞
௡ି௞ିଶ
௜ୀ଴
. ൫ݖ௡,௞,௟ െ ݉௞ା௜,௞൯                      
൅ ෍ ݉௞ି௜,௟ି௜
௟
௜ୀଵ
. ൫ݖ௡,௞,௟ െ ݉௞ି௜,௟ି௜൯ ൅ ෍ ݖ௡,௞ି௜,௟
௞ି௟
௜ୀଵ
. ൫ݖ௡,௞,௟ െ ݖ௡,௞ି௜,௟൯
൅ ෍ ݖ௡,௟ି௜
௟
௜ୀଵ
. ൫ݖ௡,௞,௟ െ ݖ௡,௟ି௜൯ ൅ ෍ ݖ௞,௜
௡ି௞ା௟ିଵ
௜ୀ଴
. ൫ݖ௡,௞,௟ െ ݖ௞,௜൯
൅ ෍ ݖ௡ି௞ା௟ା௜,௞,௞ି௜
௞ି௟ିଵ
௜ୀ଴
. ൫ݖ௡,௞,௟ െ ݖ௡ି௞ା௟ା௜,௞,௞ି௜൯ 
=ସ
ହ
݈ െ ଵ
ଵହ
݇ ൅ ଶ
ଷ
݊ ൅ ସ
ଷ
݊݇ െ ହ
଺
݇ଶ ൅ ଵଷ
ଷ
݈݊ ൅ ସ
ଷ
݈݇ ൅ ଷ
ଶ
݈ଶ െ ଵ
଺
݇ଶ݈ ൅ ଶଷ
଺
݈݇ଶ ൅ 2݇ଶ݈ଶ െ ଻
଺
݇ଷ െ
ଶ
ଷ
݇ସ ൅ 7݈݇݊ ൅ 4݈ଶ݊݇ െ ସ
ଷ
݈ଷ݊݇ ൅ ଵ
ଷ
݈ଶ݊ ൅ ଵ଴
ଷ
݊ଶ݇ ൅ 2݊ଶ െ ଻
଺
݈ଷ െ ସ
ଷ
݈ଷ݊ െ 2݈ଶ݊ଶ ൅ 4݈݊ଶ ൅
8݈݊ଶ݇ ൅ 4݇ଶ݈ଶ݊ െ ଼
ଷ
݇ଷ݈݊ ൅ 4݇ଶ݊ଶ݈ െ 2݊ଶ݈ଶ݇ െ ସ
ଷ
݈ଷ݇ ൅ ଶ
ଷ
݊݇ସ ൅ ଶ
ଷ
݇ସ݈ െ ଶ
ଷ
݇ଷ݈ଶ െ
ସ
ଷ
݇ଷ݊ଶ ൅ ଵ
ଷ
݈݇ସ െ ସ
ଵହ
݇ହ ൅ ସ
ଷ
݊ଷ െ ଶ
ଵହ
݈ହ ൅ ସ
ଷ
݊ଷ݇ଶ ൅ ଼
ଷ
݊ଷ݇ െ ଵ
ଷ
݈ସ݊ 
Now by Theorem1, if the graph ܩ has the appropriate property, then for the hyper-
Wiener index of ܩ we can write: 
ܹܹሺܩሻ ൌ
݊ ൅ 1
2
ܹሺܩሻ െ
1
2
෍ ቀܹ൫ܩଵ
௜ ൯ ൅ ܹ൫ܩଶ
௜ ൯ቁ
௡
௜ୀଵ
 
Therefore to find the hyper-Wiener index of ܩ one has to find the Wiener index of the 
subgraphs ܩଵ௜  and ܩଶ௜   instead of หܸ൫ܩଶ௜ ൯หand หܸ൫ܩଶ௜ ൯ห and the Wiener index of ܩ ,but ܩଵ௜  
and ܩଶ௜  are isomorph to the graphs ܼ௡,௞ or ܯ௡,௞ or ܣ௡or ܼ௡,௞,௟. Therefore by our previous 
Computation one can see that: 
 
 
ܹܹ൫ܼ௡,௞൯ ൌ ሺ݊ ൅ ݇ ൅ 1ሻܹ൫ܼ௡,௞൯
െ
1
2
൥෍ 2 ቀܹሺܣ௜ିଵሻ ൅ ܹ൫ܼ௡,௞,௞ି௜൯ቁ
௞
௜ୀ଴
൅ ෍ ቀܹ൫ܯ௞ା௜,௞൯ ൅ ܹ൫ܯ௡ିଶି௜,௞൯ቁ ൅ 2 ቀܹሺܣ௞ିଵሻ ൅ ܹ൫ܯ௡ିଵ,௞൯ቁ
௡ି௞ିଶ
௜ୀ଴
൅ ෍ ቀܹ൫ܼ௡,௞ି௜൯ ൅ ܹ൫ܼ௡,௜ିଵ൯ቁ ൅ ෍ ቀܹ൫ܼ௞,௡ି௜൯ ൅ ܹ൫ܼ௞,௜ିଵ൯ቁ
௡
௜ୀଵ
௞
௜ୀଵ
൩ 
 
             ൌ 1 ൅
43
10
݇ ൅
21
5
݊ ൅
211
36
݇ଶ ൅
1043
180
݊ଶ ൅
1283
90
݊݇ ൅ 2݊݇ସ ൅
38
3
݊ଶ݇ଶ ൅
10
3
݇ଷ݊ଶ
൅
13
3
݇ଶ݊ଷ ൅
67
9
݇݊ଷ ൅
47
3
݊݇ଶ ൅ 
67
9
݊݇ଷ ൅
47
3
݇݊ଶ െ
2
15
݇ହ ൅
10
3
݊ଷ ൅
10
3
݇ଷ
൅
3
2
݇݊ସ ൅
25
36
݇ସ ൅ 
1
2
݇ସ݊ ଶ ൅
1
5
݇ହ݊ ൅
2
9
݇ଷ݊ଷ െ
1
30
݊ହ ൅
25
36
݊ସ െ
1
18
݇଺
൅
5
6
݇ଶ݊ସ െ
1
15
݊ହ݇ ൅
1
90
݊଺ 
 
And similarly: 
ܹܹ൫ܯ௡,௞൯  
ൌ
ሺ2݊ ൅ ݇ ൅ 3ሻ
2
ܹ൫ܯ௡,௞൯
െ
1
2
൥෍ 2 ቀܹሺܣ௜ିଵሻ ൅ ܹ൫ܼ௡ି௜,௞,௜ାଵ൯ቁ
௞ିଵ
௜ୀ଴
൅ ෍ 2 ቀܹ൫ܼ௞,௜൯ ൅ ܹ൫ܯ௡ି௜ିଵ,௞൯ቁ ൅ 2 ቀܹሺܣ௞ିଵሻ ൅ ܹ൫ܼ௡ି௞,௞൯ቁ
௡ି௞ିଵ
௜ୀ଴
൅ ෍ ቀܹ൫ܯ௡ି௜,௞ି௜൯ ൅ ܹ൫ܯ௡,௜ିଵ൯ቁ
௞
௜ୀଵ
൩ 
                                                              
ൌ 5 ൅
113
12
݇ ൅
193
15
݊ ൅
4
3
݇ଶ݊ସ െ
2
15
݇݊ହ െ
34
15
݊݇ହ ൅
727
30
݊݇ ൅
35
6
݊݇ଶ െ
23
6
݇ଷ݊
൅ 22݊ଶ݇ െ
1
3
݊݇ସ ൅
26
3
݊ଷ݇ ൅  
41
6
݊ଶ݇ଶ െ
2
3
݇ଷ݊ଶ ൅ 2݊ଷ݇ଶ ൅
7
24
݇ସ ൅
2123
180
݊ଶ
൅
133
120
݇ଶ െ
29
12
݇ଷ ൅
14
3
݊ଷ ൅
5
3
݊ସ݇ ൅  
1
90
݊ ଺ ൅
3
5
݇଺ ൅
10
3
݇ସ݊ଶ െ
8
3
݇ଷ݊ଷ െ
1
30
݊ହ
൅
25
36
݊ସ 
3. Computation with one­pentagonal Carbon nanocone. 
As we mentioned earlier, our aim is to calculate the hyper-Wiener index of the graph ܩ௡ 
which is the graph of one-pentagonal carbon nanocone .It consists of a pentagon 
as its center and is surrounded by ݊ layers of hexagons. The graph of  ܩ௡  can be 
seen in section2. In this section using previous results we reach to our goal. 
     For a general graph ܩ and a subset ܨ ك ܸሺܩሻ let us define ۃܨۄீ as the induced 
or generated subgraph by ܨ whose vertex set is ܨ and the edge set is: 
ܧሺۃܨۄீሻ ൌ ሼݑݒ ൌ ݁ א ܧሺܩሻ| ݑ, ݒ א ܨሽ 
Now consider the graph of ܩ௡ and partition it in five sets  ܨ௜ ,1 ൑ ݅ ൑ 5 .For 
simplicity we show these partitions for ܩ଺ as follows: 
 
 
Figure 8: Partitions of ܩ଺ 
 
We can see that  
 ۃܨଵۄீ೙ ا ܩ௡  
       ۃܨଵڂܨଶۄீ೙ ا ܩ௡ 
 ۃܨଵڂܨଶڂܨଷۄீ೙ ا ܩ௡  
We will draw the above graphs for the special case of ܩ଺  : 
 
         
Figure9: ۃܨଵۄீల                      Figure 10:  ۃܨଵڂܨଶۄீల                                Figure 11:  ۃܨଵڂܨଶڂܨଷۄீల   
                
 
Now if we considerܩ௡, we see that  
ۃܨଵۄீ೙  ؆ ܣ௡  
       ۃܨଵڂܨଶۄீ೙ ؆ ܼ݊,݊  
 ۃܨଵڂܨଶڂܨଷۄீ೙ ؆ ܯଶ௡,௡  
Theorem 3. Let ܼ௡,௞ , ܯ௡,௞ and ܩ௡ be the graphs that were mentioned previously .Then 
for any real number λ we have : 
ఒܹሺܩ௡ሻ ൌ 5 ቀ ఒܹ൫ܯ2݊,݊൯ െ ఒܹ൫ܼ௡,௡൯ቁ 
Proof: we saw that ሼܨ௜ሽ௜ୀଵ
௡  is a partition of the vertex set of ܩ௡ .By definition 2 we can 
write: 
ܦఒሺܨଵ, ܩ௡ሻ ൌ ෍ ܦீ೙
ఒ
ହ
௜ୀଵ
ሺܨଵ, ܨ௜ሻ ൌ ܦீ೙
ఒ ሺܨଵ, ܨଵሻ ൅ 2ܦீ೙
ఒ ሺܨଵ, ܨଶሻ ൅ 2ܦீ೙
ఒ ሺܨଵ, ܨଷሻ 
And 
ܦீ೙
ఒ ሺܨଵڂܨଶ, ܨଵڂܨଶሻ ൌ 2ܦீ೙
ఒ ሺܨଵ, ܨଵሻ ൅ 2ܦீ೙
ఒ ሺܨଵ, ܨଶሻ 
And  
ܦீ೙
ఒ ሺܨଵڂܨଶڂܨଷ, ܨଵڂܨଶڂܨଷሻ ൌ 4ܦீ೙
ఒ ሺܨଵ, ܨଶሻ ൅ 3ܦீ೙
ఒ ሺܨଵ, ܨଵሻ ൅ 2ܦீ೙
ఒ ሺܨଵ, ܨଷሻ 
Hence  
ܦఒሺܨଵ, ܩ௡ሻ ൌ ܦீ೙
ఒ ሺܨଵڂܨଶڂܨଷ, ܨଵڂܨଶڂܨଷሻ െ ܦீ೙
ఒ ሺܨଵڂܨଶ, ܨଵڂܨଶሻ 
But we already seen:  
 ۃܨଵڂܨଶڂܨଷۄீ೙ ؆ ܯଶ௡,௡  ,  ۃܨଵڂܨଶۄீ೙ ؆ ܼ݊,݊ 
 
And using the results  
ܦఒሺܨଵڂܨଶڂܨଷ, ܨଵڂܨଶڂܨଷሻ ൌ 2 ఒܹ൫ܯଶ௡,௡൯ 
ܦఒሺܨଵڂܨଶ, ܨଵڂܨଶሻ ൌ 2 ఒܹ൫ܼ௡,௡൯ 
And finally  
ܦఒሺܨଵ, ܩ௡ሻ ൌ ఒܹ൫ܯଶ௡,௡൯ െ ఒܹ൫ܼ௡,௡൯ 
Now using definition 2 we have  
ఒܹሺܩ௡ሻ ൌ
1
2
෍ ෍ ܦܩ݊
ߣ ൫ܨ݅, ܨ݆൯ ൌ
1
2
෍ ܦߣሺܨ݅, ܩ݊ሻ ൌ
5
2
ܦߣሺܨ݅, ܩ݊ሻ   1 ൑ ݅ ൑ 5
ହ
௜ୀଵ
ହ
௝ୀଵ
ହ
௜ୀଵ
 
So  
ఒܹሺܩ௡ሻ ൌ
5
2
ܦߣሺܨ1, ܩ݊ሻ 
And finally  
ఒܹሺܩ௡ሻ ൌ 5 ቀ ఒܹ൫ܯ2݊,݊൯ െ ఒܹ൫ܼ௡,௡൯ቁ 
Theorem 4. We have  
ܹܹሺܩ௡ሻ ൌ 20 ൅
533
4
݊ ൅
8501
24
݊ଶ ൅
5795
12
݊ଷ ൅
8575
24
݊ସ ൅
409
3
݊ହ ൅ 21݊଺ 
Proof. Using theorem 3 and the following fact  
ܹܹሺܩ௡ሻ ൌ 5 ቀܹܹ൫ܯ2݊,݊൯ െ ܹܹ൫ܼ௡,௡൯ቁ 
 
Since we already calculated ܹܹ൫ܯ݊,݇൯ and ܹܹ൫ܼ௡,௞൯, therefore we can calculate 
ܹܹ൫ܯ2݊,݊൯ and  ܹܹ൫ܼ௡,௡൯ , as follows 
  
ܹܹ൫ܼ௡,௡൯ ൌ 1 ൅
17
2
݊ ൅
1166
45
݊ଶ ൅ 38݊ଷ ൅
521
18
݊ସ ൅ 11݊ହ ൅
74
45
݊଺ 
 
ܹܹ൫ܯଶ௡,௡൯ ൌ 5 ൅
703
20
݊ ൅
34831
360
݊ଶ ൅
1615
12
݊ଷ ൅
7229
72
݊ସ ൅
574
15
݊ହ ൅
263
45
݊଺ 
 
Now using theorem 3 we finally obtain: 
ܹܹሺܩ௡ሻ ൌ 20 ൅
533
4
݊ ൅
8501
24
݊ଶ ൅
5795
12
݊ଷ ൅
8575
24
݊ସ ൅
409
3
݊ହ ൅ 21݊଺ 
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